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Experimental studies of hypernuclear dynamics, besides being essential for the understanding of
strong interactions in the strange sector, have important astrophysical implications. The observa-
tion of neutron stars with masses exceeding two solar masses poses a serious challenge to the models
of hyperon dynamics in dense nuclear matter, many of which predict a maximum mass incompatible
with the data. In this article, it is argued that valuable new insight may be gained extending the ex-
perimental studies of kaon electro production from nuclei to include the 208Pb(e, e′K+)208ΛTl process.
The connection with proton knockout reactions and the availability of accurate 208Pb(e, e′p)207Tl
data can be exploited to achieve a largely model-independent analysis of the measured cross sec-
tion. A framework for the description of kaon electro production based on the formalism of nuclear
many-body theory is outlined.
I. INTRODUCTION
Experimental studies of the (e, e′K+) reaction on nu-
clei have long been recognised as a valuable source of
information on hypernuclear spectroscopy. The exten-
sive program of measurements performed and approved
at Jefferson Lab [1, 2] —encompassing a variety of nu-
clear targets ranging from 6Li to 40Ca and 48Ca—has the
potential to shed new light on the dynamics of strong in-
teractions in the strange sector, addressing outstanding
issues such as the isospin-dependence of hyperon-nucleon
(YN) interactions and the role of three-body forces in-
volving nucleons and hyperons. In addition, because
the appearance of hyperons is expected to become en-
ergetically favoured in dense nuclear matter, these mea-
surements have important implications for neutron star
physics.
The recent observation of two-solar-mass neutron
stars [3, 4] —the existence of which is ruled out by many
models predicting the presence of hyperons in the neu-
tron star core [5]—suggests that the present understand-
ing of nuclear interactions involving hyperons is far from
being complete. In the literature, the issue of reconciling
the calculated properties of hyperon matter and massive
stars is referred to as hyperon puzzle [6].
Owing to the severe difficulties involved in the determi-
nation of the potential describing YN interactions from
scattering data, the study of hypernuclear spectroscopy
has long been regarded as a very effective alternative ap-
proach to obtain much needed complementary informa-
tion.
In this context, the (e, e′K+) process offers clear ad-
vantages. The high resolution achievable by γ-ray spec-
troscopy can only be exploited to study energy levels
below nucleon emission threshold, while (K−, pi−) and
(pi+,K+) reactions mainly provide information on non-
spin-flip interactions. Moreover, compared to hadron in-
duced reactions, kaon electro production allows for a bet-
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ter energy resolution, which in turn results in a more ac-
curate identification of the hyperon binding energies [1].
However, the results of several decades of study of of the
(e, e′p) reaction [7] show that to achieve this goal the
analysis of the measured cross sections must be based on
a theoretical model taking into account the full complex-
ity of electron-nucleus interactions. Addressing this issue
will be critical for the extension of the Jefferson Lab pro-
gram to the case of a heavy target with large neutron
excess, such as 208Pb, best suited to study hyperon dy-
namics in an environment providing the best available
proxy of the neutron star interior.
This article is meant to be a first step towards the de-
velopment of a comprehensive framework for the descrip-
tion of the (e, e′K+) cross section within the formalism
of nuclear many-body theory, which has been extensively
and successfully employed to study the proton knockout
reaction [7]. In fact, the clear connection between (e, e′p)
and (e, e′K+) processes, that naturally emerges in the
context of the proposed analysis, shows that the missing
energy spectra measured in (e, e′p) experiments provide
the baseline needed for a largely model-independent de-
termination of the hyperon binding energies.
The text is structured as follows. In Sect.II the de-
scription of kaon electro-production from nuclei in the
kinematical regime in which factorisation of the nuclear
cross section is expected to be applicable is reviewed,
and the relation to the proton knockout process is high-
lighted. The issues associated with the treatment of
the elementary electron-proton vertex and the calcula-
tion of the nuclear amplitudes comprising the structure
of the 208Pb(e, e′K+)208ΛTl cross section are discussed in
Sect. III. Finally, the summary and an outlook to future
work can be found in in Sect. IV.
II. THE A(e, e′K+)ΛA CROSS SECTION
Let us consider the kaon electro-production process
e(k) + A(pA)→ e′(k′) +K+(pK) + ΛA(pR) , (1)
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2in which an electron scatters off a nucleus of mass number
A, and the hadronic final state
|F 〉 = |K+ΛA〉 , (2)
comprises a K+ meson and the recoiling hypernucleus,
resulting from the replacement of a proton with a Λ in
the target nucleus. The incoming and scattered elec-
trons have four-momenta k ≡ (E,k) and k′ ≡ (E′,k′),
respectively, while the corresponding quantities associ-
ated with the kaon and the recoiling hypernucleus are
denoted pK ≡ (EK ,pk) and pR ≡ (ER,pR). Finally, in
the lab reference frame—in which the lepton kinematical
variables are measured—pA ≡ (MA, 0).
The differential cross section of reaction (1) can be
written in the form
dσA ∝ LµνWµν δ(4)(p0 + q − pF ) , (3)
with λ, µ = 1, 2, 3, where q = k − k′ and pF = pK + pR
are the four-momentum transfer and the total four-
momentum carried by the hadronic final state, respec-
tively. The tensor Lµν , fully specified by the electron
kinematical variables, can be written in the form [8]
L =
 η+ 0 −√Lη+0 η− 0
−√Lη+ 0 L
 , (4)
with η± = (1± ) /2 and
 =
(
1 + 2
|q|2
Q2
tan2
θe
2
)−1
, (5)
where θe is the electron scattering angle, q ≡ (ω,q), Q2 =
−q2, and L = Q2/ω2.
All the information on hadronic, nuclear and hyper-
nuclear dynamics in contained in the nuclear response
tensor, defined as
Wµν = 〈0|JµA†(q)|F 〉〈F |JνA(q)|0〉 , (6)
where |0〉 denotes the target ground state and the final
state |F 〉 is given by Eq.(2).
Equation (6) shows that the theoretical calculation of
the cross section requires a consistent description of the
nuclear and hypernuclear wave functions, as well as of the
nuclear current operator appearing in the transition ma-
trix element, JµA. This problem, which in general involves
non trivial difficulties, greatly simplifies in the kinemat-
ical region in which the impulse approximation can be
exploited.
A. Impulse Approximation and Factorisation
Figure 1 provides a diagrammatic representation of
the (e, e′K+) process based on the factorisation ansatz.
This scheme is expected to be applicable in the im-
pulse approximation regime, corresponding to momen-
tum transfer such that the wavelenght of the virtual pho-
ton, λ ∼ 1/|q|, is short compared to the average distance
between nucleons in the target nucleus, dNN ∼ 1.5 fm.
A MN MΛ ΛA
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FIG. 1. Schematic representation of the scattering amplitude
associated with the process of Eq.(1) in the impulse approxi-
mation regime.
Under these condition, which can be easily met at Jef-
ferson Lab, hereafter JLab, the beam particle primarily
interacts with individual protons, the remaining A − 1
nucleons acting as spectators. As a consequence, the nu-
clear current operator reduces to the sum of one-body
operators describing the electron-proton interaction
JµA(q) =
A∑
i=1
jµi (q) , (7)
and the hadronic final state takes the product form
|F 〉 = |K+〉 ⊗ |ΛA〉 , (8)
with the outgoingK+ being described by a plane wave, or
by a distorted wave obtained from a kaon-nucleus optical
potential [1].
From the above equations, it follows that the nuclear
transition amplitude
Mµ = 〈K+ΛA|JµA(q)|0〉 , (9)
can be written in factorised form through insertion of the
completeness relations∫
d3p
(2pi)3
|p〉〈p| =
∫
d3pΛ
(2pi)3
|pΛ〉〈pΛ| = 1 , (10)
where the integrations over the proton and Λ momenta
also include a sum over the spins, and∑
n
|(A− 1)n〉〈(A− 1)n| = 1 , (11)
the sum being extended to all eigenstates of the (A− 1)-
nucleon spectator system.
The resulting expression turns out to be
3Mµ = 〈K+ΛA|JµA|0〉 =
A∑
i=1
∑
n
∫
d3p
(2pi)3
d3pΛ
(2pi)3
M?
ΛA→(A−1)n+Λ 〈pKkΛ|jµi |p〉 MA→(A−1)n+p , (12)
where the current matrix element describes the elemen-
tary electromagnetic process γ∗ + p→ K+ + Λ.
The nuclear and hypernuclear amplitudes in the right-
hand side of Eq.(12), labelledMN andMΛ in Fig. 1, are
given by
MA→(A−1)n+p = {〈p| ⊗ 〈(A− 1)n|}|0〉 , (13)
and
M
ΛA→(A−1)n+Λ = {〈pΛ| ⊗ 〈(A− 1)n|}|ΛA〉 . (14)
In the above equations, the states |(A − 1)n〉 and |ΛA〉
describe the (A − 1)-nucleon spectator system, appear-
ing as an intermediate state, and the final-state Λ-
hypernucleus, respectively.
The amplitudes of Eq.(13) determine the Green’s func-
tion describing the propagation of a proton in the target
nucleus, G(k, E), and the associated spectral function,
defined as
P (k, E) = − 1
pi
Im G(k, E) (15)
=
∑
n
|MA→(A−1)n+p|2 δ(E +MA −m− En) ,
where m is the nucleon mass and En denotes the energy
of the (A − 1)-nucleon system in the state n. The spec-
tral function describes the joint probability to remove a
nucleon of momentum k from the nuclear ground state
leaving the residual system with excitation energy E > 0.
Within the mean-field approximation underlying the
nuclear shell model, Eq.(15) reduces to the simple form
P (k, E) =
∑
α∈{F}
|ϕ(k)|2δ(E − |α|) , (16)
where α ≡ {nj`} is the set of quantum numbers specify-
ing the single-nucleon orbits. The sum is extended to all
states belonging to the Fermi sea, the momentum-space
wave functions and energies of which are denoted ϕα(k)
and α, respectively, with α < 0.
Equation (16) shows that within the independent par-
ticle model the spectral function reduces to a collection
of δ-function peaks, corresponding to the energy spec-
trum of the single-nucleon states. Dynamical effects be-
yond the mean filed shift the position of the peaks, that
also acquire a finite width. In addition, the occurrence
of virtual scattering processes leading to the excitation
of nucleon pairs to states above the Fermi surface leads
to the appearance of a sizeable continuum contribution,
accounting for ∼ 20% of the total strength. As a con-
sequence, the normalisation of a shell model state ϕα,
referred to as spectroscopic factor, is reduced from unity
to a value Zα < 1.
The nuclear spectral functions have been extensively
studied measuring the cross section of the (e, e′p) reac-
tion, in which the scattered electron and the knocked out
nucleon are detected in coincidence. The results of these
experiments, carried out using a variety of nuclear tar-
gets, have unambiguous identified the states predicted by
the shell model, highlighting at the same time the lim-
itations of the mean-field approximation and the effects
of nucleon-nucleon correlations [7, 9].
In analogy with Eqs. (13) and (15), the amplitudes of
Eq.(14) comprise the spectral function
PΛ(kΛ, EΛ) =
∑
n
|M
ΛA→(A−1)n+Λ|2 (17)
× δ(EΛ +MΛA −MΛ − En) ,
describing the joint probability to remove a Λ from the
hypernucleus ΛA leaving the residual system with energy
EΛ. Here MΛ and MΛA denote the mass of the Λ and
the hypernucleus, respectively.
The observed (e, e′K+) cross section, plotted as a func-
tion of the missing energy
EΛmiss = ω − EK+ . (18)
exhibits a collection of peaks, providing the sought-after
information on the energy spectrum of the Λ in the final
state hypernucleus1 .
Note that both the electron energy loss, ω, and the en-
ergy of the outgoing kaon,EK+ , are measured kinematical
quantities.
B. Kinematics
The expression of EΛmiss, Eq.(18) can be conveniently
rewritten considering that the δ-function of Eq.(3) im-
plies the condition
ω +MA = EK+ + EΛA . (19)
Combining the above relation with the requirement of
conservation of energy at the nuclear and hypernuclear
vertices, dictating that
MA = Ep + En , EΛ + En = EΛA , (20)
1 In principle, the right-hand side of Eq.(18) should also include a
term accounting for the kinetic energy of the recoiling hypernu-
cleus. However, for heavy targets this contribution turns out to
be negligibly small, and will be omited.
4we find
ω + Ep = EK+ + EΛ . (21)
Finally, substitution into Eq.(18) yields
EΛmiss = EΛ − Ep . (22)
The above equation, while providing a relation be-
tween the measured missing energy and the binding en-
ergy of the Λ in the final state hypernucleus, defined as
BΛ = − EΛ, does not allow for a model independent
identification of EΛ. The position of a peak observed in
the missing energy spectrum turns out to be determined
by the difference between the energies needed to remove
a Λ from the final state hypernucleus, EΛ, or a proton
from the target nucleus, Ep, leaving the residual (A−1)-
nucleon system in the same bound state, specified by the
quantum numbers collectively denoted n.
The proton removal energies, however, can be inde-
pendently obtained from the missing energy measured
in proton knockout experiments, in which the scattered
electron and the ejected proton are detected in coinci-
dence, defined as
Epmiss = ω − Ep′ = −Ep . (23)
where Ep′ is the energy of the outgoing proton. Note
that, consistently with Eq.(18), in the right-hand side
of the above equation the kinetic energy of the recoiling
nucleus has been omitted.
From Eqs. (22) and (23) it follows that the Λ binding
energy can be determined in a fully model independent
fashion from
BΛ = −EΛ = −(EΛmiss − Epmiss) , (24)
combining the information provided by the missing en-
ergy spectra measured in (e, e′K+) and (e, e′p) experi-
ments.
III. THE 208Pb(e, e′K+)208ΛTl CROSS SECTION
In view of astrophysical applications, it will be of out-
most importance to extend the ongoing experimental
studies of kaon electro-production, to include heavy nu-
clear targets with large neutron excess, such as 208Pb,
that provide the best available proxy for neutron star
matter. In this section, I will briefly discuss the main
elements needed to carry out the calculation of the
208Pb(e, e′K+)208ΛTl cross section within the factorisation
scheme illustrated in Section II A.
A. The e+ p→ e′ +K+ + Λ process
The description of the elementary e+p→ e′+K+ +Λ
process involving an isolated proton at rest has been ob-
tained from the isobar model [10, 11], in which the hadron
current is derived from an effective Lagrangian compris-
ing baryon and meson fields. Different implementations
of this model are characterised by the intermediate states
appearing in processes featuring the excitation of reso-
nances [12–14]. The resulting expressions—involving a
set of free parameters determined through a fit to the
available experimental data—have been employed to ob-
tain nuclear cross sections within the approach based on
the nuclear shell model and the frozen-nucleon approxi-
mation [1, 12]
In principle, the calculation of the nuclear cross section
within the scheme outlined in Sect. II A should be per-
formed taking into account that the elementary process
involves a bound, moving nucleon, with four-momentum
p ≡ (Ep,p) and energy
Ep = m− E , (25)
as prescribed by Eq. (15). However, the generalisation of
phenomenological approaches constrained by free proton
data, such as the isobar model, to off-shell kinematics
entails non trivial difficulties.
A simple procedure to overcome this problem is based
on the observation that in the scattering process on
a bound nucleon, a fraction δω of the energy transfer
goes to the spectator system. The amount of energy
given to the struck proton, the expression of which natu-
rally emerges from the impulse approximation formalism,
turns out to be [15]
ω˜ = ω − δω (26)
= ω +m− E −
√
m2 + p2 .
Note that from the above equations it follows that
Ep + ω =
√
m2 + p2 + ω˜ , (27)
implying in turn
(p+ q)2 = (p˜+ ω˜)2 = W 2 , (28)
where q˜ ≡ (ω˜,q) and p˜ ≡ (
√
m2 + p2,p).
The above equations show that the replacement q → q˜
allows to establish a correspondence between scattering
on a off-shell moving proton, leading to the appearance of
a final state of invariant mass W , and the corresponding
process involving a proton in free space.
It has to be mentioned that, although quite reasonable
on physics grounds, the use of q˜ in the hadron current
leads to a violation of current conservation. This problem
is inherent in the impulse approximation scheme, which
does not allow to simultaneously conserve energy and
current in correlated systems. A very popular and effec-
tive workaround for this issue, widely employed in the
analysis of (e, e′p) data, has been first proposed by de
Forest in the 1980s [16].
In view of the fact that the extension of the work of
Refs.[13, 14] to the case of a moving proton does not in-
volve severe conceptual difficulties, the consistent appli-
cation of the formalism developed for proton knock-out to
5processes the case of kaon electro production appears to
be feasible. In this context, it should also be pointed out
that the factorisation scheme discussed in Sect. II allows
for a fully relativistic treatment of the electron-proton
vertex, which is definitely required in the kinematical re-
gion accessible at JLab [15].
B. Nuclear and Hypernuclear Dynamics
Vauable information needed to obtain Λ removal en-
ergies from the 208Pb(e, e′K+)208ΛTl cross section, using
the procedure described in Sect. II B, has been gained by
a high-resolution study of the 208Pb(e, e′p)207Tl carried
out at NIKHEF-K in the late 1980s and 1990s [17–20].
The available missing energy spectra—measured with a
resolution of better than 100 KeV and extending up to
∼ 30 MeV—provide both position and width of the peaks
corresponding to the bound states of the recoiling 207Tl
nucleus.
It is very important to realise that a meaningful inter-
pretation of NIKHEF-K data requires the use of a the-
oretical framework taking into account effects of nuclear
dynamics beyond the mean-field approximation. This is-
sue is illustrated in Figs. 2 and 3.
Figure 2 displays the difference between the energies
corresponding to the peaks in the measured missing en-
ergy spectrum, 〈Eα〉, and the predictions of the mean-
field model reported in Ref. [21], EαHF . It is apparent
that the value of the quantity
∆α = |EαHF − 〈Eα〉| , (29)
where the index α ≡ {nj`} specifies the state of the re-
coiling system, is sizeable, and turns out to be as large
as ∼ 3 MeV for deeply bound states.
Figure 3 provides a comparison between the spectro-
scopic factors extracted from NIKHEF-K data and the
results of the analysis of Ref. [22]. The solid line, ex-
hibiting a remarkable agreement with the experiment,
has been obtained combining nuclear matter results, cor-
responding to the dashed line, and a phenomenological
correction accounting for finite size and shell effects. The
energy dependence of the spectroscopic factors of nuclear
matter at equilibrium density has been derived from a
calculation of the pole contribution to the spectral func-
tion of Eq. (15), carried out using Correlated Basis Func-
tion (CBF) perturbation theory and a microscopic nu-
clear Hamiltonian including two- and three-nucleon po-
tentials [23].
The results of Fig. 3 show that the spectroscopic fac-
tors of the deeply bound proton states of 208Pb are largely
unaffected by surface and shell effect, and can be accu-
rately estimated using results of nuclear matter calcu-
lations. Finite size effects, mainly driven by long-range
nuclear dynamics, are more significant in the vicinity of
the Fermi surface, where they account for up to ∼ 35% of
the deviation from the mean-field prediction, represented
by the solid horizontal line.
FIG. 2. Difference between the energies corresponding to the
peaks in the missing energy spectrum of the 208Pb(e, e′p)207Tl
reaction reported in Ref. [17] and the theoretical predictions of
Ref. [21], obtained within the mean-field approximation. The
horizontal axis shows the mean-field energies, and the states
are labeled according to the standard spectroscopic notation
FIG. 3. Spectroscopic factors of the shell model states of
208Pb, obtained from the analysis of the 208Pb(e, e′K+)208ΛTl
cross section measured at NIKHEF-K [17]. The solid and
dashed lines represent the results of theoretical calculations
of the spectroscopic factors of 208Pb and nuclear matter, re-
spectively [22]. For comparison, the horizontal line shows the
prediction of the independent particle model. The deviations
arising form short- and long-range correlations are highligted
and labelled SCR and LRC, respectively.
In addition to the nucleon spectral function, the anal-
ysis of the 208Pb(e, e′K+)208ΛTl cross section requires a
consistent description of the Λ spectral function, de-
fined by Eq. (17). Following the pioneering nuclear
matter study of Ref. [24], microscopic calculations of
PΛ(kΛ, EΛ) in a variety of hypernuclei—ranging from
65
ΛHe to
208
ΛPb—have been recently carried out by the au-
thor of Ref. [25]. In this work, the self-energy of the
Λ has been obtained from G-matrix perturbation theory
in the Brueckner-Hartree-Fock approximation, using the
Ju¨lich [26, 27] and Nijmegen [28–30] models of the YN
potential .
In view of the fact that the generalisation of the
approach of Ref. [25] to treat 207Tl using Hamiltoni-
ans including YNN potentials does not appear to in-
volve severe difficulties, a fully consistent description of
the 208Pb(e, e′K+)208ΛTl process within the factorisation
scheme cross section appears to be achievable.
IV. SUMMARY AND OUTLOOK
The results discussed in this article indicate that valu-
able information on hypernuclear dynamics can be ob-
tained from a largely model independent analysis of the
measured 208Pb(e, e′K+)208ΛTl cross section, and that the
development of a consistent theoretical framework, allow-
ing to exploit the new data to constrain YN and YNN
potential models, can be attained within the well estab-
lished approach based on nuclear many-body theory and
the Green’s function formalism.
More recent computational approaches, mostly based
on the Monte Carlo method [31], have been very suc-
cessful in obtaining ground-state expectation values of
Hamiltonians involving nucleons and hyperons, see, e.g.
Ref. [6]. However, the present development of these
techniques does not allow the calculation of (e, e′p) or
(e, e′K+) cross sections in the kinematical regime in
which the underlying non-relativistic approximation is
expected to fail. On the other hand, the approach based
on factorisation has proved very effective for the inter-
pretation of the available (e, e′p) data.
Owing to the extended region of constant density and
the large neutron excess, 208Pb is the best available proxy
for neutron star matter, and the study of the reaction
discussed in this article has obvious astrophysical impli-
cations.
The solution of the “hyperon puzzle” is likely to re-
quire a great deal of theoretical and experimental work
for many years to come. In this context, the extension of
the JLab kaon electro production program to 208Pb will
allow to collect new data useful to understand the effects
of three-body forces in a regime in which—based in the
present understanding of the non-strange sector—they
are expected to be large.
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